Phase structure of the QCD vacuum in a magnetic field at low temperature by Agasian, N O
Phase structure of the QCD vacuum in a
magnetic field at low temperature
N.O.Agasian




We study the QCD phase structure in magnetic field H at low
temperature T . The hadronic phase free energy in a constant ho-
mogeneous magnetic field is calculated in one-loop approximation of
the chiral perturbation theory. The dependence of the quark and
gluon condensates upon the temperature and field strength is found.
It is shown that the chiral phase transition order parameter hq¯qi re-
mains constant provided field strength and temperature are related
via H = 6.421T 2.
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1. The investigation of the vacuum state behavior under the influence
of the various external factors is known to be one of the central problems
in quantum eld theory. In the realm of strong interactions (QCD) the
main factors are the temperature and the baryon density. At temperatures
below the chiral phase transition, T < Tc, the dynamics of the system is
characterized by connement and spontaneous breaking of chiral symmetry
(SBCS). At low temperatures, T < Tc, the partition function of the system
is dominated by the contribution of the lightest particles in the physical
spectrum. In QCD this role is played by the  { meson which is the Goldstone
excitation mode in chiral condensate. Therefore the low temperature physics
(the hadron phase) enables an adequate description in terms of the eective
chiral theory [1, 2, 3]. A very important problem is the behavior of the order
parameter (the quark condensate hqqi) with the increase of the temperature.
In the ideal gas approximation the contribution of the thermal pions into
the quark condensate is proportional to T 2 [4, 5]. In chiral perturbation
theory (ChPT) the two { and three{loops contributions ( T 4 and  T 6
correspondingly) into hqqi have been found in [5] and [6].
The situation with the gluon condensate hG2i  h(gGaµν)2iis very dier-
ent. The gluon condensate is not an order parameter in phase transition and
it does not lead to any spontaneous symmetry breaking (SSB). At the quan-
tum level the trace anomaly leads to the breaking of the scale invariance and
this in turn results in nonzero value of hG2i. However, this is not a SSB phe-
nomenon and hence does not lead to the appearance of the Goldstone particle.
The mass of the lowest excitation (dilaton) is directly connected to the gluon
condensate, mD / (hG2i)1/4. Thus the thermal excitations of glueballs are
exponentially suppressed by the Boltzmann factor  expf−mgl=Tg and their
contribution to the shift of the gluon condensate is small (hG2i=hG2i 0.1
% at T =100 MeV) [7]. Next we note that in the one-loop approximation
ChPT pions are described as a gas of massless noninteracting particles. Such
a system is obviously scale-invariant and therefore does not contribute into
the trace of the energy-momentum tensor and correspondingly into hG2i. As
it has been demonstrated in [8] the gluon condensate temperature depen-
dence arises only at the ChPT three{loop level.
Another interesting problem is the study of the vacuum phase structure
under the influence of the external magnetic eld H . The behavior of the
quark condensate in the presence of a magnetic eld was studied in Nambu-
Iona-Lasinio model earlier [9]. For QCD, the analogous investigation in the
one-loop approximations was done in [10]. It was found that the quark con-
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densate grows with the increase of the magnetic eld H in both cases. It
implies that a naive analogy with superconductivity, where the order pa-
rameter vanishes at same critical eld, is not valid here. The behavior of the
gluon condensate hG2i in the Abelian magnetic eld is also a nontrivial eect.
Gluons do not carry electric charge; nevertheless, virtual quarks produced by
them interact with electromagnetic eld and lead to the changes in the gluon
condensate. This phenomenon was studied in [11], [12] based on the low-
energy theorems in QCD. The vacuum energy density, the values of hG2i
and hqqi as functions of H have been found in the two{loop approximation
ChPT in [12].
The low-energy theorems, playing an important role in the understanding
of the vacuum state properties in quantum eld theory, were discovered al-
most at the same time as quantum eld methods appeared in particle physics
(see, for example Low theorems [13]).In QCD, these theorems were obtained
in the beginning of eighties [14]. These theorems, being derived from the
very general symmetrical considerations and not depending on the details
of connement mechanism, sometimes gives information which is not easy
to obtain in another way. Also, they can be used as "physically sensible"
restrictions in the constructing of eective theories. An important step was
made in [15], where low-energy theorems for gluodynamics were generalized
to nite temperature case.
In the present work the vacuum free energy in magnetic eld at nite
temperature is calculated in the framework of ChPT. The general relations
are established which allow to obtain the dependence of the quark and gluon
condensates on T and H . A new phenomenon is displayed, namely the
"freezing" of the chiral phase transition order parameter by the magnetic
eld when the temperature increases. The physical meaning of this fact is
discussed.
2. The QCD Euclidean partition function in external Abelian eld Aµ
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Baµ) + mq]q; (2)
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where Qq { is the matrix of the quark charges for the quarks q = (u; d), and
for the simplicity the ghost terms have been omitted. The free energy density
is given by the relation V F (T; H; mq) = − ln Z. In the chiral limit mq ! 0
Eq. (1) yields the following expressions for the quark and gluon condensates
hqqi(T; H) = @F (H; T; mq)
@mq
∣∣∣mq=0 ; (3)
hG2i(T; H) = 4@F (H; T; mq)
@(1=g20)
∣∣∣mq=0 : (4)
The phenomenon of dimensional transmutation results in the appearance of
a nonperturbative dimensional parameter







where M is the ultraviolet cuto, s = g
2
0=4, and (s) = ds(M)=d lnM is
the Gell-Mann-Low function. In chiral limit (mq = 0) the system described
by the partition function (1) is characterized by three dimensionful parame-
ters M; T and H . The free energy density is renorm-invariant quantity and
hence its anomalous dimension is zero. Thus F has only a normal (canon-
ical) dimension equal to 4. Making use of the renorm-invariance of , one


























With the account of (4) the gluon condensate is given by








)F (T; H) (8)
At T = 0, H = 0 we recover the well known expression for the nonperturba-
tive vacuum energy density in the chiral limit. In the one-loop approximation
( = −b02s=2; b0 = (11Nc − 2Nf )=3) it has the form




Let us now derive the low-energy theorems at nite temperature in the
presence of magnetic eld. Strictly speaking, -function depends on H and
the low-energy theorems acquire electromagnetic corrections / e4. However,
since the free energy is independent of the scale M at which the ultraviolet
divergences are regulated, we can choose M2  H; T 2; 2. Hence, we can
take the lowest order expression for -function ((s) = −b02s=2) and the
electromagnetic corrections vanish. Let us introduce the eld ( = x4;x)
and operator D^,









Dierentiating (4) n times with respect to (1=g20) and taking into account
(7), (10) and (11) one obtains








The subscript c means that only connected diagrams are to be included.
Proceeding in the same way, it is possible to obtain the similar theorems for


















where d is the canonical dimension of operator O. If operator O has also
anomalous dimension, the appropriate γ-function should be included.
3. The above equations enable to obtain the values of the condensates as
functions of T and H provided the free energy density is known. To get the
latter the ChPT will be used. At low temperatures T < Tc(Tc is the chiral
phase transition temperature) and for weak elds H < 2hadr  (4Fpi)2
the characteristic momenta in the vacuum loops are small and theory is
adequately described by the low-energy eective chiral Lagrangian Leff [2, 3].
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This Lagrangian can be represented as a series expansion over the momenta
(derivatives) and quark masses
Leff = L
(2) + L(4) + L(6) + ::: (14)
The leading term in (14) is similar to the Lagrangian of the non-linear sigma




Tr(rµU+rµU) + Re Tr(M^U+);
rµU = @µU − i[U; Vµ]: (15)
Here U is a unitary SU(2) matrix, Fpi = 93MeV is the pion decay con-
stant, and  has the meaning of the quark condensate  = jhuuij = jh ddij.
The external Abelian magnetic eld H is aligned along the z -axis and cor-
responds to Vµ(x) = (
3=2)Aµ(x) with the vector-potential Aµ chosen as
Aµ(x) = µ2Hx1. The mass dierence between the u and d quarks appears
in the eective chiral Lagrangian only quadratically. Further, to obtain an
expression for the quark condensate in the chiral limit we use only the rst
derivative with respect to the mass of one of the quarks. Therefore, we can
neglect the mass dierence between the u and d quarks and assume the mass
matrix to be diagonal M^ = mI^.
At T < Tc; H < 
2
hadr the QCD partition function coincides with the
partition function of the eective chiral theory
Zeff [T; H] = e










At the one-loop level it is sucient to restrict the expansion of Leff by
the quadratic terms with respect to the pion eld. Using the exponential












− − iAµ−) + M2pi+−;
(17)
where the charged  and neutral 0 meson elds are introduced
 = (1  i2)=
p
2; 0 = 3 (18)
Thus (16) can be recasted into the form













where partition function is normalized for the case of perturbation theory at
T = 0; H = 0
Zp.t. = [det(−@2µ + M2pi)]−3/2: (20)
Integration of (19) over -elds leads to
ZReff = Z
−1
p.t.Z0[H ][detT (−@2µ + M2pi)]−1/2[detT (−jDµj2 + M2pi)]−1; (21)
where Dµ = @µ − iAµ is a covariant derivative and a symbol T means that
the determinant is calculated at nite temperature T according to standard
Matsubara rules. Taking (20) into account and regrouping multipliers in (21)
one gets the following expression for ZReff
ZReff [T; H] = Z0[H ]
[












Then the eective free energy can be written in the form






+ Fpi0(T ) + Fpi±(H) + Fs(T; H): (23)
Here Fpi0 is the free energy of massive scalar boson






p2 + M2pi=T )); (24)
Fpi± is a Schwinger result for the vacuum energy density of charged scalar
particles in the magnetic eld.




















dk ln(1− exp(−!n=T ));
!n =
√
k2 + M2pi + H(2n + 1); (26)
where !n are Landau levels of the 
 mesons in constant eld H .
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4.The free energy F Reff determines the thermodynamical properties and
the phase structure of the QCD vacuum state below the temperature of the
chiral phase transition, i.e. in the phase of connement.
Equations (8) and (23) describe the dependence of hG2i on T and H . The
action of the operator D^ on F Reff leads to D^Fpi0(T ) = 0 since M
2
pi ! 0 and
Fpi0(T )  T 4 in chiral limit and thus (4{T@=@T )Fpi0(T ) = 0. It can be easily
shown by direct calculation that D^Fs(T; H) = 0. The nontrivial dependence
of hG2i on H arises only due to Schwinger term Fpi±(H)





Next we note that because of the asymptotic freedom the QCD -function,
(s) = −b02s=2+::: is negative and hence the gluon condensate diminishes
with the H increasing
hG2i(T; H) = hG2i − 2
3b0
H2:
In order to get the dependence of the quark condensate upon T and H
use is made of the Gell-Mann-Oakes{Renner relation (GMOR)
F 2piM
2
pi = 2m (28)
Substituting (23) into (3), calculating the derivative over M2pi and then taking
the limit M2pi ! 0 one gets





















!n(x)(exp(!n(x))− 1) ; !n(x) =
p
x2 + 2n + 1 (29)
Now we consider various limiting cases. When H ! 0; T = const, for the Fs
term in the free energy one nds1







1To get (30) the sum in Fs is calculated with the needed accuracy using the Euler-
MacLaren relation ∞∑
n=0







Then, using the eqs. (3), (8), (23) and (30), taking the limit H ! 0 and setting M2pi = 0








x2 + )− 1) (30)
The corresponding expressions for condensates read




hG2i(T; H ! 0) = hG2i: (31)
Thus at H ! 0; T = const, we arrive at the known result [4, 5, 8]. In the
reverse limit T ! 0; H = const, we get [10, 11, 12]
hqqi(T ! 0; H) = hqqi(1 + H
(4Fpi)2
ln 2); (32)





An interesting phenomenon reveals itself in the vacuum QCD phase structure
under consideration. One can nd from (29) such a function H(T ) that the
chiral condensate hqqi(T; H) remains unchanged when the temperature and
magnetic eld change in accordance with H = H(T ). Let us introduce the
new variable  =
p
H=T . Then H is found by solving the following equation
(see (29) hqqi(T; H)− hqqi = 0)
1− (3=2)2 ln 2 + 122’() = 0 (34)
The numerical solution of (34) yields  = 2:534::: Thus, quark condensate
stays unchanged when T and H are increased according to H = 6:421  T 2.
Hence it is possible to say that the order parameter hqqi of the chiral phase
transition is "frozen" by the magnetic eld.
Note that H(Tc)=(4Fpi)
2 ’ 0:1  1 at T = Tc ’ 150MeV and therefore
the above relations remain valid up to the deconned phase transition point.
In the vicinity of Tc the eective low energy chiral Lagrangian fails to provide
an adequate description of the QCD vacuum thermodynamical properties,
and strictly speaking becomes physically invalid.
The following is worth noting. In deriving (29-33), at the rst step the
physical quantities and their limiting values as functions of Mpi where ob-
tained, and only then the chiral limit Mpi ! 0 was taken. Acting in the



















condensates identically equal to zero. This points to the fundamental dif-
ference of the two cases: the exactly massless particle and the particle with
innitesimal small mass.
5. It has been shown in the present work that the quark condensate is
"frozen" by the magnetic eld when both temperature T and magnetic eld
H are increased according to the H = const  T 2 law. This points to the
fact that the direct analogy between the quark condensate in QCD and the
theory of superconductivity is untenable. In the BCS theory the Cooper
pairs condensates is extinguished by the temperature and magnetic eld.
The "freezing" phenomenon can be understood in terms of the general Le
Chatelier{Braun principle 2.The external eld contributes into the system an
additional energy density H2=2. The system tends to compensate this energy
change and to decrease the free energy by increasing the absolute value of
the quark condensate: "v = −mj(H) − (0)j < 0. On the other hand, if
the temperature of the system is increased (by bringing some heat into it)
the processes with heat absorbtion by damping the condensate are switched
on. The interplay of these processes is at the origin of the above "freezing"
of (T; H). Next, since gluons do not carry electric charge, the magnetic
eld aects the gluon sector of the vacuum only indirectly via the quark
sector and thus the Le Chatelier{Braun principle is not applicable directly
to the gluon condensate. For the same reason gluon condensate decreases
2The external action disturbing the system from the equilibrium state induces processes
in this system which tend to reduce the result of this action
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nonlinearly with H increasing according to hG2i / −H2, while for the
quark condensate  / H .
The author is grateful to V.A.Novikov and Yu.A.Simonov for the discus-
sion and comments.
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